The Stability of 



^ the Non-Equilibrium 

o 
o 

Steady States 

00 



> 

^ ' Yoshiko Ogata 
cn 

I Department of Physics, Graduate School of Science 

■ The University of Tokyo 

[ 7-3-1 Hongo, Bunkyo-ku, Tokyo 

O ■ 113-0033, Japan 



X 



We show that the non-equihbrium steady state (NESS) of the free lattice Fermion 
model far from equilibrium is macroscopically unstable. The problem is trans- 
lated to that of the spectral analysis of Liouville Operator. We use the method 
of positive commutators to investigate it. We construct a positive commutator 
on the lattice Fermion system, whose dispersion relation is uj(k) — cos/c — 7. 



e-mail : ogataSmonet .phys . s .u-tokyo .ac.jp 



1 



1 Introduction 



The investigation of equilibrium states in statistical physics has a long history. 
In mathematical framework, an equilibrium state is defined as a state which 
satisfies the Kubo-Martin-Schwinger condition. This is a generalization of the 
Gibbs equilibrium state. Many researches to justify this definition have been 
made |HR T| . |P W] |R1| . One of them is the investigation of "return to equilib- 
rium" ; an arbitrary initial state that is normal with respect to the equilibrium 
state will converge to the equilibrium state. Recall that the notion of normal- 
ity represents the macroscopic equivalence in quasi-local system. Although it 
is a physically fundamental phenomenon, to prove it rigorously is not easy. A 
complete proof of return to equilibrium in the two-sided XY-model was given 
by H. Araki jA4j . The other example is an open quantum system, which con- 
sists of a finite subsystem and an infinitely extended reservoir in equilibrium 
|JPl| . pT^ .[M]. The open quantum system converges to the asymptotic state, 
which is the equilibrium state of the coupled systems. The notable fact here 
is that this state is normal to the initial one, i.e., macroscopically equivalent 
to the initial state. This shows that the equilibrium state of the reservoir is 
macroscopically stable when a finite subsystem is connected to. 

Recently non-equilibrium steady state (NESS) far from equilibrium has at- 
tracted considerable interests. The NESS is introduced as a state asymptotically 
realized from an inhomogeneous initial state j,TP3| . |jP4) . |R,2| . A question rises 
naturally here; is the NESS macroscopically stable? As an analogy of return 
to equilibrium in open system, we connect a finite small system to the NESS 
through a bounded interaction. Will the NESS converge to a state that is nor- 
mal to the initial state or not? We consider this problem about a free Fermion 
model on one-dimensional lattice. The explicit form of the NESS is known on 
this model |H A| . | AP| . We show if the NESS is far from equilibrium, it is macro- 
scopically unstable. This results is due to the following fact: for the NESS far 
from equilibrium, the number of the particles with momentum k is different 
from the number of the particles with momentum —k, although they have the 
same energy. 

Technically, the investigation corresponds to the study of the spectral prop- 
erty about the Liouville operator, which represents the dynamics on the Gelfand 
Naimark Segal (GNS) Hilbert space of the initial state. We use the positive com- 
mutator method to analyze the spectrum. It is well-known that a radiation field 
system with energy dispersion relation uj(k) ~ \k\ has a nice covariance property 
and the positive commutator is constructed with the aid of it. However, in our 
system, the dispersion relation is ^{k) — cos/c, a new method for constructing a 
positive commutator is required. We shall construct such a positive commutator 
and investigate the macroscopic stability of the NESS in this paper. 

The paper is organized as follows. In the next section, we introduce basic 
definitions and notations, then state the main theorems. In Section |2| we will 
explain the strategy of the proof. In Sectional we review the role of the standard 
theory in the research of the NESS, and introduce the modular structure of 
our model. In Section [SJ we introduce the rescaling group which is the key 
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to construct the positive commutator. In order for the positive commutator 
method to work, we have to introduce the cut off of the interaction. This is done 
in Sectional Section [71 is devoted for the construction of positive commutator. 
Then in Section |S1 we derive the spectral property of the Liouville operator 
using the method of M.Merkh |M] on Virial Theorem. We complete the proof 
in Section O Below, for a self-adjoint operator A, we denote by P{A C /) the 
spectral projection of A onto the subset /. 



In this section, we introduce the basic definitions, and state the main results. 
2.1 The C* -algebraic Framework 

A C*-dynamical system is a pair (O, r) where O is a C*-algebra, and t is a 
strongly continuous one-parameter group of automorphisms of O. The elements 
of O describe observables in the physical system and r specifies their time 
evolution. Below we assume that O has an identity. A physical state is described 
as a positive linear functional with norm 1. Let w be a state on O with GNS 
triple (7i, tt, f2). The notion of oj-normal is defined as follows: 

Definition 2.1 A state r/ is said to be uj-normal if there exists a density matrix 
p on Ti such that ri{-) = Tr/37r(-). 

If a state is not w-normal, it is called w-singular. For quasi-local algebra, ab- 
normality means that ij is approximated in norm topology by local perturbation 
of CO. So in quasi-local algebra, we can make the following interpretation: if r] 
is w-normal and lu is ?7-normal, uj and rj are macroscopically equivalent. 

The NESS of dynamics Tt associated with the state ui are the weak—* accu- 
mulation points of the set of states 



as T — > cx). We denote the set of the NESS by Sr(a-'). As the set of states on 
O is weak * -compact by Alaoglu's Theorem, ^^-(a;) is a non-empty set whose 
elements are r- invariant. 

2.2 Macroscopic instability 

In this subsection, we introduce the notion of macroscopic instability. Let 
(Ojn, Tm) be a C*-dynamical system. Let be an initial state over and let 
ujm be the NESS corresponding to the pair (ujq, t^) i-C, tUm, £ S,-^ ('^o)- Now we 
are interested in the stability of ujm- To investigate it, we add an external finite 
C*-dynamical system {Os,ts)- The combined system {Os ^ Om,Ts ® Tm) is 
also a C* -dynamical system. Let us introduce a bounded interaction V between 
Os and Om, and denote by ry the perturbed dynamics. We shall define the 
macroscopic instability of Um as follows: 



2 Main Results 
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Definition 2.2 The NESS Um £ Et-,^^(wo) is macro scopically unstable under a 
perturbation V, if for any state lus over Os, no element in TiTvi^S ® 'j-'m) is 
IjJS ® LOm-normal. The NESS Um € ^r^i^o) is macro scopically unstable if uim 
is macro scopically unstable under some bounded perturbation V . 

Let us explain it in detail for our system. First we divide the one-dimensional 
Fermion lattice to the left and the right, and consider a state that each side 
is in equilibrium at different temperature. This is the initial state loq. The 
corresponding NESS I]^^^(cjo) under the time evolution of free lattice Fermion 
= consists of only one point: ^^^(wo) = {wp}. To investigate the sta- 
bility of ujm = Wp, we prepare an external finite system described in a finite 
dimensional Hilbert space C*. We connect it to w„i through a bounded inter- 
action V . If there is no ws ® Wm-normal state in Y,Ty{uJs ® cOm), for any state 
(jjs over Os, (jJm is macroscopically unstable. 

2.3 The model 

In this paper we consider the free lattice Fermion system in one dimension. The 
explicit form of the NESS is known for this system |HA| . |AI^ . 

Let f) = /^(Z) be a Hilbert space of a single Fermion. By Fourier transfor- 
mation, it is unitary equivalent to tt, tt)). The Hamiltonian /i of a single 
Fermion is given by 

{hf) (n) - ^ (/ (n - 1) + / (n + 1)) - 7/ (n) , (1) 

on f) which is described in Fourier representation as 

rfik)=u;{k)f{k), 
uj (fc) = cos (fc) — 7. 

The 7-term represents the interaction with the external field, and 7 is a param- 
eter in (—1, 1). The free lattice Fermi gas TZ is described as the CAR-algebra 
Of over f). And its dynamics is given by 

a{(a(/))=a(e^*V). (2) 

In the initial state cuq, the lattice is separated into the left and the right. And 
they are kept at different inverse temperature /3_,/3+, respectively. The NESS 
ujp associated with luq is realized as the asymptotic state under the dynamics 

(O. The explicit form of uip was obtained in |HA| and jAP| . independently: 
ujp is a state whose n-point functions have a structure 

(a(/n)* • • ■ a{fi)*a{gi) ■ ■ ■ a{g^)) = S^m det((/j, pg^)), (3) 
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where p is represented as a multiplication operator, 



(^^^p+u,(k)\ ' fee [o,7r) 
P{k) = ; , (4) 

^ g/3_a;(fe) j feg[_^^0) 

u}{k) = cos (A;) — 7, 

in the Fourier representation. If /?+ ^ f3^, we will say that the NESS ujp is far 
from equilibrium. In this paper, the stability of this state is considered. 

The observables of the small system are described as C*-algebra Os = 
B{S)s) on a finite d-dimensional Hilbert space io^ — C*. We denote by Hs 
the free Hamiltonian of the system on ^35. The free dynamics af is given by 

af (yl) =e"^«^e-"^^. 

The combined system S + 'R is described as the C*-algebra 

= 0s^0f. 

The free dynamics of the combined system is given by a1 = af (S>a{- We denote 
by So the derivation of a°. 

Let us consider the dynamics including the interaction between <S and TZ. In 
this paper, we define the interaction term V by 

V = X-Y^{a{f) + a*{f)), (5) 

where / S f} is called a form factor. Here A is a coupling constant and K is a 
self-adjoint operator on Sjs- Note that V is an element of O. The perturbed 
dynamics at is generated hy 6 = 60+ i[V, ■] with D{6) = D{6o)- at is expanded 
as follows; 

at {A) ^ a° {A) + ^ C ^h--- dt^ K (^) > [" " " > K (^) ' (^)]]] • 

n>l 

(6) 

The right hand side converges in norm topology in O. at is strongly continuous 
one parameter group of automorphisms. 



2.4 Main Theorem 

In the analysis, we carry out the variable transformation from k e [— tt, tt) 
to t € M, by t{k) = tan I. Under this variable translation, we identify () = 
L'^{[—-K,'K),dk) with L^(R, pqij-dt). We need several assumptions on the small 
system and the interaction V. 
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Assumption 2.1 Under the identification t) ~ tt, tt), dk) = j^^p^dt), 

let u{0) be a strongly continuous one parameter unitary group on [) defined by 

{u{e)g) (t) = \l fg^tl^ 9 (e't) , eR, g e L^{{-c^,^), ^^dt), 

and let p be the generator of u{9) = e'^P. For a constant < u < 1, let A„ be 
the interval o/R defined by 

At^ 

A, = {tGM; si(i) = ^^^^>«}. 

We assume that the form factor f ^ t) in |3|j is in the domain D{p^). Fur- 
thermore, we assume that there exists < f < 1 such that the support of f 
satisfies 

supp/ C K. 



Assumption 2.2 Let ei,ej be an arbitrary pair of eigenvalues of Ls — Hs (8) 
1 — 1 ® Hs on f)s ® such that ^ Cj . There exists kij such that 

uj{±kij) = cosfcy - 7 = ei - Cj, 
0<%, t{hj)eAv 

Assumption 2.3 1. The Hamiltonian Hs has no degenerated eigenvalue. 

2. There exists a > such that 

min \f{±kij)\ > a. 

Assumption 2.4 Let (pn be the n-th eigenvector of Hs with eigenvalue En, 
and let p„ be the spectral projection onto ipn on Sjs- We denote the eigenvalue 
of Ls = Hs 1 — 1® Hs as E„.m = En — Em, and introduce the following 
subsets for each eigenvalue e of Ls-' 

N^'^ = {t; = e}, iV« = {j; E,^, = e} 

3 i 

For a set N , we define a projection pjsf = X^nsAAP"- 
1. For e ^ 0, we assume 




where cr{A) represents the spectrum of A, andY is the complex conjugation 
ofY with respect to the orthonormal basis consisting of eigenvectors of Hs- 
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2. Let Y„m = {^m\y\^n) ■ We assume \Ymn\ > for all m ^ n 

An example which satisfies all of the Assumptions is represented in Appendix 
1X1 Here is the main theorem of this paper. 

Theorem 2.3 Let LOp he a NESS far from equilibrium, i.e., the state given by 
IfSp with inverse temperatures (3+ ^ /3_. Suppose that Assumvtion \2. 1\ to \2.4\ are 
satisfied. Then there exists a Ai > s.t. ifO< |A| < Ai, then Up is macroscop- 
ically unstable under the perturbation V |3|). Especially, LUp is macro scopically 
unstable. 

Furthermore, assume Pq < [3^,(3-. < Pi, ||p/||, ||/|| < b for any fixed < 
/3o < /3i < oo and < 6 < oo. Here p is the generator of u{6) = e*^^. Then if 
we fix /3+ and /?_, we have Ai ~ 0{v~) as v goes to 0. On the other hand, if 
we fix V then we have Ai 0(|/?+ — P+ — /?- ^ 0. 

Theorem 2.4 Let ujp be an equilibrium state i.e. the state given in |0) with 
P = /3+ = P-. Then there exists a P—KMS state ajy w.r.t. the perturbed 
dynamics at which is normal to lus '9 Wp for arbitraly faithful state us 

of Os. Suppose that Assumvtion \2.l\ to \2.4\ are satisfied. Then there exists a 
Ai > such that if < |A| < Ai, any ivy-normal state rj exhibits return to 
equilibrium in an ergodic mean sense, i.e. 

lim i / f]{at{Aj)dt^u;v{A) 

for all AeO. 

Furthermore, assume Pq < P < Pi, \\pf\\, \\f\\ < b for any fixed < Pq < 
Pi < oo and < b < oo. Then we have Ai ~ 0(w"5") as v goes to 0. 

3 The Strategy of the Proof 

In this section, we explain the strategy and the organization of the proof. 
3.1 The kernel of Liouville operator 

By the standard theory, the problem of macroscopic instability is translated into 
the spectral problem of so called Liouville operator L (see Section0|Proposition 
I4.3|l : if KerL = {0}, cu is macroscopically unstable. In our model, the Liouville 
operator L is an operator onH — (Sjs ® ^s) ® -^(f) © given by 

L = {Hs I) ^ 1 - {1 ® Hs) I + 1 (S dr {h ® -h) + A/q. (7) 

Here J-{i) © (}) is a Fermi Fock space over i) ® i) and dT {h ® —h)\s a secound 
quantization of the multiplication operator h® —h. A/q is the interaction term. 
The main part of this paper is to prove the following Theorem on the eigenvector 
of L: 
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Theorem 3.1 For each eigenvalue e of Ls = Hs (8" 1 — 1 ® Hs, define an 
operator T{e) on the space P{Ls — e) • 9)s ® by 



r(g) = / dkm{k,iyP{Ls ^e)6{Lo{k)+Ls-e)m{k,l) 

-TT 

dk m{k, 2)*P {Ls ^e)d {-uj (fc) + Ls - e) m{k, 2) 
m{k,i) = Y®l-g\{k)-l(x)Y -glik) i = 1,2. (8) 
Here gf are defined by 

gl = {i-p)h, gl^P^f, gl^P^f, 9l = (i-p)^L 

and f is the complex conjugation of f in the Fourier representation. Let 7g he 
a strictly positive constant such that 

r(g)>7.-(p(r(e~) = o))^. 

Let Pe be 

Pe - P{Ls = g) • P(r(g) = 0) Pfl,, 

where P^i^ is the projection onto the vacuum flf of J-{t) © 1)). 
Fore G R, let e(e) = e ife is an eigenvalue of Ls, and let e(e) be an eigenvalue of 
Ls which is next to e, if e is not an eigenvalue of Ls. Suppose that Assumption 
\2.1\ and \2.i^ are satisfied. Then there exists Ai > s.t.,ifO < |A| < Ai, then there 
is no eigenvector with eigenvalue e which is orthogonal to Pg[e) ■ I'^ particular, 
if Pe(e) = 0, e is not an eigenvalue of L. Furthermore, if we assume Po < 
P+,13- < Pi, \\pf\\, 11/11 < b for any fixed < (3o < Pi < oo and < b < oo, we 
can choose Ai as 

Ai =Cmin{w^, ( ) ,{-fsi^e))^ ,{vjg^^))^}. (9) 
Here C is a constant which depends on Po,Pi and b, but is independent of v and 

By Theorem 13.11 the existence of the eigenvector of L is determined by the 
kernel of r(e). We have the foUowing Theorem on it (Section IH)): 

Theorem 3.2 Suppose that Assumvtion \2. 1\ to \2.4\ are satisfied. Then if P+ 

Kerr(e) — {0} for any eigenvalue e of Ls- If P+ — Kerr(e) = {0} for 
any non-zero eigenvalue e ^ of Ls, butKevTifi) is non-trivial one- dimensional 
space. 

The foUowing fact wiU develop in the proof : the non-existence of the non- 
trivial kernel of r(0) for the far from equilibrium case ^ /?_ is caused by the 
fact that the number of the particles with the momentum k,—k are different 
although they have the same energy uj{k) — uj{—k). Note that the same fact 
induces the existence of current for NESS. 

Combining Theorem 13.11 and 13.21 we obtain the instability of NESS far from 
equilibrium. 
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3.2 The proof of Theorem VJ . 1\ 



To prove the Theorem, we use the positive commutator method. The idea of 
the method is as follows: suppose that there exists anti-self-adjoint operator A 
such that \L,A\ > c > 0. li L has an eigenvector ip with eigenvalue e, we have 

= 2Re {{L - e)V', A%1;) = (V', [L - e, A]^;) > c> 0, 

which is a contradiction. Hence L has no eigenvector. This is called Virial 
Theorem. However this argument works only formally and indeed we have to 
take care of the domain question. 

The proof of Theorem 13.11 is divided into two steps: the first one is to 
construct the positive commutator (Section [S] to Section 01, and the second one 
is to justify the above arguments rigorously (Section (SJ. 

To construct the positive commutator is a non-trivial problem, and we have 
to work out for each models. Now, our field has the dispersion relation uj[k) = 
cos k — J. Under the variable translation k ^ t, we show that there exists a 
strongly continuous one parameter group of unitaries U{6) on Ti., which satisfies 

U{-9) (1 (g,dT{h® -h)) U{e) ^l®dT {h-^ e -h^) , 

where is a multiplication operator on L^(E, jjqrj-rfi) defined by h^{t) = h[e^t). 
This means U{9) induces the rescaling of multiplication operator in f). Let A^ 
be the generator of U{6). This Aq satisfies 

[Lo, ^o] = S"! = 1 ® dr (si © si) > 

where 5*1 is a second quantization of multiplication operator 

(Si/)(i) = si(<)/(t), S,{t)^ (1+^2)2 - 

Hence by considering rescaling of multiplication operators with respect to i, 
we obtained positive commutator [Lo,^o] = 5*1 > 0. However, what is really 
needed is the strictly positive commutator. If 5*1 has a spectral gap, following 
the well-known procedure, we can construct a strictly positive commutator. But 
5*1 does not have a gap now, and we need to overcome this problem. 

Let be the complement of A^, and let TVaj be the number operator of 
particles whose momentum is included in A^. Furthermore, let P be the spectral 
projection onto the subspace iVAj — 0, and set P = 1— P. If we restrict ourselves 
to PTL, PSxP has a spectral gap w > 0, so if L strongly commutes with -/Vaj, 
we can construct the positive commutator for L in PH.. Furthermore, if the 
subspace PTL includes no eigenvector of L, we just need to analyze L on PTL. 

To make the spectral localization possible, we introduce a cut off of the form 
factor / G f) with respect to Ai,,i.e., 

suppf C A^. 
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By this cut off, L strongly commutes with A'a= , and furthermore, there is no 
eigenvector of L, in the subspace P7i. Hence we obtain positive commutator 
which is sufficient to analyze the eigenvector of L. 

To carry out the second step, the rigorous justification of the Virial Theo- 
rem, we used the new method introduced by M.Merkli. By approximating the 
eigenvector of L by vectors in the domain of total number operator N and Aq, 
we can carry out the arguments rigorously. 

4 The Standard Theory and NESS 

In this section, we explain the role of the standard theory (see [BRlp in the 
investigation of the NESS and introduce the modular structure in our model. 

4.1 The standard theory 

Let 7W be a von Neumann algebra on a Hilbert space Ti with a cyclic and 
separating vector 17. A positive linear functional lj on M. in said to be normal 
if there exists a positive traceclass operator p such that 

^(•) = Tr(p-). 

We denote by 7V(*+ the set of all normal positive linear functionals. 
We can define an operator Sq on a dense set M^hy 

5*0 is closable and we represent the polar decomposition of the closure Sq as 

J is called the modular conjugation and A is called the modular operator. By 
the Tomita-Takesaki Theory we have JM.J — M' ^ where M' is the commutant 
oi Ai. Let j : M. ^ M.' be the antilinear ^-isomorphism defined by — JxJ . 
We define the natural positive cone V by the closure of the set {xj (x) fJ; x G 
For ^ S "P, define the normal positive functional tj^ G A^*+ by 

We have the following Theorems; 

Theorem 4.1 For any uj G M*+, there exists a unique G V such that 

Theorem 4.2 For any automorphism a of Ad, there exists a unique unitary 
operator U {a) on Ti satisfying the following properties: 

1. U {a)xU (a)* = a{x) , x e M; 
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2. U{a)VcV and U (a) ^ {iv) = ^ {a-'^* (u;)) , u; e , 
where {a*uj){A) = LL!{a{A)), 

3. [U (a) , J] = 0. 

Let at be a one parameter group of automorphisms and let U{t) be a one 
parameter group of unitaries associated with at- If U{t) is strongly continuous, 
it is written as U{t) = e**^ with self adjoint operator L. We call L the Liouville 
operator of at- 

4.2 The NESS and the Liouville operator 

Now we move from W^*-dynamical systems to C*-dynamical systems, and ex- 
plain the role of the standard theory in the investigation of the NESS. Let at 
be a one parameter group of automorphisms which describes the dynamics of a 
unital C*-algebra O, and let w be a state of O. Let {H, tt, be the GNS triple 
of uj. Suppose that is a cyclic and separating vector for von Neumann algebra 
tt{0) , and that there exists an extension dt of at to tt{0) . Then by Theorem 
14. 21 there is one parameter group of unitary operators Ut such that 

dt (x) = UtxU; X e 7r(0)" 

U;V C V. (10) 

In addition, suppose that Ut is strongly continuous and let L be the Liouville 
operator. If cjoo G ^^(a;) is tj-normal, there exists a vector ^oo in V s.t. 

by Theorem 14.11 As Woo £ Sq(cj), oJoo is invariant under at- oJqq o at — tOoo- 
Hence we have 

(L/^Coo, TT {A) U:i^) . = Woo O at (A) = COoo (A) = (^oc, ^ (A) Coo) , AE O. 

As ^oo,U;^oo e P, we get 

^t ^oo ^oo ; 

by Theorem 14. II This means 

foo G Keri. 

In other words, we have the following proposition. 

Proposition 4.3 // KerL = {0}, any state in ^^(cl;) is Lu-singular i.e., to is 
macroscopically unstable. 
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4.3 The modular structure of the model 

Now we introduce the modular structure of our model. As the structure is the 
same as that of |JP3j . we just state the results. Let lus be a state over O5, 
defined by = Ti (pg-) with a density matrix 

PS = '^Pt , 

i 

on ^)s- Here {ipi} are orthogonal unit vectors on ^35. And let ujp be a quasi- 
free state over Of defined in Let A be a complex conjugation of A with 
respect to the orthogonal basis of i^s, that is given by eigenvectors of iJg. We 
denote the Fermi Fock space over i)(Bi) hy !F{1)®1)). Then we have the following 
proposition. 

Proposition 4.4 Suppose that ujs is faithful, and < p < 1. The GNS triple 
{Ti, TT, r2) associated with the state uj — ujs cOp is given by 

n = Hs (^Hf, r2 = rjs®r2/, tt^tts^tt/, 

where 

Hs^Sjs'^^s, ns = ^p|^p^(E)i}^, TT s {A) ^ A 1^) 1 , AeOs, 
7i/ = J^(f) © ()) , Q.f : vacuum vector of T{t)®i)) , 
TTf {a (/)) = a ((1 - p)i / © O) + a* (O © p^/) , 

TTf [a* (/)) = a* ((1 - p)5 / © O) + a (O © p^/) , / G f), 

and n is a cyclic and separating vector for the von Neumann algebra 7r(0) . 
The dynamics at @) defined on C* -algebra O extends to a weakly continuous 
one parameter group of automorphisms at over n(0) . at is implemented by 
a strongly continuous one parameter group of unitaries and the corresponding 
Liouville operator L on Ti. is 

L = {Hs ® 1) (E) 1 - {1 Hs) ® 1 + 1 dT (hj 

+ A (r ® 1) ® (a (gi) + a* (gi)) - A (l ® F) © (-1)^ (a (52) - a* (32)) , (11) 
where 

h = h®-h, (12) 
9i^gl®9l 92=9l®gl, (13) 

52 -P^/, 52 = (1-P)V" (14) 
Here, dT \h\ is the second quantization of h. 
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Wc denote the Fermion number operator on Ti, by N . We define the system 
Liou villa operator Lg, the field Liouville operator Lf, the free Liouville operator 
Lq, and the interaction /q operator by 

Ls = {Hs® {I® Hs) ® 1, 

Lq — Ls + Lf, 

/o = (r (g) 1) ® (a (51) + a* (<?i)) -{1®Y)® {-if {a (<?2) - a* (52)) ■ (15) 
on H. 



5 Rescaling Group 

In order to construct the positive commutator for the lattice system, we intro- 
duce a strongly continuous one parameter group of unitaries. By the variable 
transformation /c — > t, we have 

\}= L'^ ([-TT, tt) , dfc) = ((-00, 00) , d/x) , 

where ^ is the positive measure on M given by 

The multiplication operator m{k) on [) is transformed as m{k) m{k{t)), where 
k{t) = 2tan~^ t. In particular, the single particle energy h is transformed to 

/i(fc) = cosfc-7 ^ /i(fc(f)) = -A__i_^. 
Now we introduce a unitary operator u{9) on () defined by 



{u{e)f){t) = ^i^^^±^f{c'f), ^eM, /ei2((-oo,oo),dM). 

By an elementary calculation, we have the following lemma; 

Lemma 5.1 u{9) is a strongly continuous one parameter group of unitaries. 

From this lemma, u{9) is written as u{9) = e*^^ with a selfadjoint operator p. 
The action of p on Cg° (K) is 

{pf){t) = -i(^^f{t)--^f{t)+tf'{t)y fGC^{R). (16) 

Let u{9) be a unitary operator on [) © [} defined by 

u{9)=u{9)®u{-9). 
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The generator of u{9) is p = p (B —p. Wc define a unitary operator U{0) on TH. 
by tiie second quantization V{u{9)) of u{9): 

U{e) = l®T{u (61)) . 

Since U{9) is a strongly continuous one parameter unitary group, it is written 
as U{9) = e^"^", wiiere Aq — 1® dT{ip) is an anti-selfadjoint operator. 

Now we introduce the commutator of L/ and Aq as a quadratic form on the 
dense set (i:'(iV)n£' (Ao)) x {D{N)r\D{AQ)). By straight forward calculation, 
the action of u{9) on a multiplication operator mi © m2 on 1) © () is 

{u (-9) (mi © ma) it (9)) (t) = nii (e'^i) © ma (eH) . 

Then, the action of U{9) on the second quantization dr(mi ffi ma) of mi © ma 
is 

U {-9) (1 (g> dr (mi © ma)) U (9) = 1(g) dT (m"'' © m^) , (17) 

where 

(mf /) (t) = mi (e^t) f{t). 
We have the following proposition: 

Proposition 5.2 Suppose that mi, ma are bounded multiplication operators on 
(M, d/u) which are differentiable and satisfy 

suPtgK \qm(t)\ < 00, 

w/iere 

gmj (t) = — tm^ (t) . 

Then we have 

(1 (8> dr (mi © ma) i^, Aotp) + {Ao(p, 1 (8> dr (mi © ma) V) = 1 (8i dr (g^mi © -gma) tp) 

(18) 

for all <fi,tpe D{N)nD{Ao). 

Proof 

As U{9) preserves number, we have U{9)D{N) C D{N) and have the following 
relation for all ip,ilj € D{N) n D{Ao): 

I dr (mr^ © m^) - dr (mi © ma) , 
hm ( 1 (g) '— V 



= lim ^ (1 (g) dr (mi © ma)) C/ (6*) (p, ^^^^^ — + (^^-^ — ^(P, 1 (g) dT (mi © ma) V' 

(19) 

Using dominated convergence theorem, we have the following statements: 
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1. For each ip G D{N) and bounded operator m on f) © f), 

lim (1 dr (m)) U{e)i^^{l(gi dr (m)) v-, 

^ — >0 



2. For each -0 e i'lAo) 



3. For each ip e i^liV), 

'dr (mj"* © m^) - dP (mi © 777,2) 



hm 



1 ® 



6' 



dP (g777i © -qm2) ip 



= 0. 



Substitutmg these to (|19(l . we obtain the statement of the proposition. □ 
Substituting 771,1 — h, m2 = —h to p8|) . we obtain 

^0-0) + (^oV', ^/V") = (<^, Slip) , 

for aU 1^9,-0 e D(A^)nD(Ao). Here 5*1 is the second quantization lOdP (si © si) 
of si © si on () © f), with si defined by 



Note that 6*1 is positive. This is the main point of this commutator. 
Similarly, we have 

{Si(p, Aa4>) + {Aoip, Slip) = {ip, S21P) , 
{S2(p, Aqi/j) + {Aqip, S21P) = {(f, S31P) , 



where 



52 = 1 dP (S2 ® -S2) , 
{S2f)it)=s2{t)f{t), S2{t) 

53 = l®dP(s3©S3), 
{s3f){t)^S3{t)f{t), S3{t) 



16 (t2 - 4i4 + t^) 



Note that 6*1, S'2, S3 are all A^-bounded. 

The commutator of Aq with the interaction term can also be considered. As 
the form factor f G i) satisfies / G ^{p^), suppf C A^, and p is differentiable in 
A„, we have 51,32 & T^iP^)- We get 



{ip, IqAq^:) + {AaLp, laip) = {(p, hip) , 
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on D{Af)) X D{Ao). Here Ji is defined by 

h = {Y (g) 1) (E) {a i-ipgi) + a* {-ipgi)) - (l ® F) O (-1)^ (o (-^2) - a* {-ipg2)) ■ 
Similarly, we have 

/lAoV') + {Aof, /iV') = iv, h-^) , if: hAoiP) + {Ao^p, hip) = {if, h^,) , 

with 

/2 = (r ® 1) (a (-pV) + a* i-fgi)) -{l®Y)(g i-lf (a (-p^^^) _ a* {~fg2)) , 
/3 = (r ® 1) (a (ip^^i) + a* (ip^^i)) - (1 ® y) ® (-1)^ (a (ip^^^) _ (jpSga)) . 

6 Cut Off of the Interaction and Eigenvector 

In case the dispersion relation of the field Lf is uj{k) — \k\, Aq is taken as 
the generator of the the shift operator. And the commutator is given by the 
number operator N : [LfjAg] = N. Note that the dispersion relation of N 
has a strictly positive spectral gap 1 > 0. However in our case, the dispersion 
relation is u!{k) — cos(fc) — 7, and the commutator is [L/,v4o] — Si. Note that 
the dispersion relation of Si is positive, but it does not have a spectral gap: it 
attains zero at t — and t = ±00. The existence of the spectral gap is essential 
in application of positive commutator method as seen in the arguments in jM| . 
So this situation causes a problem. To overcome this difhculty, we assume the 
Assumption 12 . II on the interaction. In this section, we see that as the result of 
the cut off suppf C A^, any eigenvector of L is in the range of P = P{Nao ~ 0). 
Now let ^ = f) © f). We decompose ^ with respect to M = A^, © AJ: 

= £^(A^,, d^) © L^{Ay,dfi), = i^(AS, d/i) © L^iAy: d^i). 

Note that h (IT^ is decomposed into h — h^^ © h^c , with respect to this decom- 
position of the Hilbert space, because it is a multiplication operator. Let A^a^, 
^As be 

AfA„ = i®dr(iA„ ©0), Nac = i®dr(o©iA5), 

on TC with respect to this decomposition. Below for a Hilbert space we denote 
by U{K) a set of unitary operators on ^, and by J-{K) the Fock space over 
Furthermore, T{u) is the second quantization of u e and for a self-adjoint 

operator n on M., dTf^{K) is the second quantization of k. We have the following 
proposition: 

Proposition 6.1 There is a unitary operator U : .7^(1) a„ © flA^) •^(f)A„) ^ 
J^{l)A^) which satisfies the following conditions; 
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1. For any ua„ G U{\ja^) and G Z//(f)Aj), 

[/r(uA„ ®UAc)t/* = r(uAj ®r(wA5), 

^. For any f £ f)A^ a»^d g G flAj 

[/a(/ © g)U* = a{f) ® 1 + (-1)^^- a(g). 

By this proposition, we have 

Ur{e'*'^'^- © e'*''^£ )[/* = r(e**'''^'' ) r(e**'''^s ). 

Recall that L is given by pi|l . As the Assumption 12.11 suvvf C A.„ implies 
ffi;52 G f)A„, we obtain the following unitary equivalence; 

ULU* = is + 1 ® drA,(/iAj ® 1 + 1 ® 1 ® drAj(/iAs) 
+A (r © l)®(a (51) + a* (5i))®l-A (l ® r)®(-l)'^^" (a (52) - a* {g^))<g){-lf^i . 

By this equivalence, we have the following lemma. 
Lemma 6.2 L and N\a strongly commute. 

Similarly, N^c strongly commutes with L5, Lf, Lq, XIq N, Si. Using this fact, 
wc obtain the following proposition: 

Proposition 6.3 Suppose is an eigenvector of L. Then tp satisfies 

P {Na. ^0)i' = V', 

where P {N\c = O) is the spectral projection of N\c corresponding to N\c — 0. 
Proof 

Let Pe (resp. Po) be the spectral projection of TVaj onto N^c = even (resp.iVAj = 
odd). Let us decompose the Hilbert space Ti, as 

n = PeH © PoH. 

Then by Lemma 16.21 L is decomposed into 

L^PeL® PoL, (20) 

with respect to the subspaces PeTi. and Po'H. In particular, if ^ is an eigenvector 
of L, PeV' is an eigenvector of Pi,L and Poip is an eigenvector of PqL. With 
respect to the decomposition H. — TLs © ^(I)a„) © PeL on PeTL is 

PeL\p^n = {Ls + 1® dLA, (/ia„) + Fi + F2) © 1 + (1 © 1) © dLA^ (/ias) \p^h 
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with 

= A(F®l)«.(a(gi) + a* (51)) 
V2 = -X{l®Y)® (-if^^ {a (52) ~ a* (32)) , 

because 

Pe = 1 P(iVAc = even). 
On the other hand, PqL on PgH is 

PoL\^^ = (is + 1 ® dFA,, (/lA„) + - 1/2) ® 1 + (1 1) ® dFAc (/lAs)|p„H 

because 

P„ = 1 ® P(A^A5 = odd). 

Note that drA5(/iA5) and TVaj strongly commute on J^(/ia5).So dTAiX^J^^) is 
decomposed into PedrA5(ft.A5) © ^odFAj (/iaj)- On the other hand, dTA^X^^i) 
in J^(f)A=) has unique eigenvector f^Aj which is the vacuum vector of ^(fiAj)- 
So dFAj |p has the unique eigenvector Oaj, while dFAj |p jir((j^^) tias no 

eigenvector. Hence by Theorem lB.il if there exists an eigenvector ipf. of PeL, it 
is of the form 

= ipig) JIac , 

and PqL has no eigenvector. Hence if ip is the eigenvector of L, we have 

PeV' = <P® f^Aj, Po'4' = 0- 

That is, 

1p = if® f^Aj . 

This means 

p(Ar^e = o)V' = ® P(iVAc = o)nAj = rjAj = V'- n 
7 Positive Commutator 

In this section, we construct strictly positive commutator. First we define the 
operator [L,Aa] on D{\L,Aq\) = D{N) by 

[L,Ao]=Si+Xh. 

Note that this is defined as an operator of the right hand side, and not as a 
commutator LAq — AqL. However the arguments in Section |S1 guarantees 

{Lip, Aaijj) + {Aaip, L^)) = {ip, {Si + A/i)V') = {^p, [L, A^] iP) , 
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for all lP,ip€D{Ao)f^D{N). 

As seen in the previous section, we consider the subspace PTi. If we restrict 
ourselves to P(l ® Pn^)""", we have 

P(l ® Pn,)HL,Ao]{l ® Piy)^P > [v - A||/i||)P(l ® Pn,)^, 

and [i, ^o] is strictly positive on P(l Pnf)'^7i for A small enough. But for 
P(l®Pa/)H, we have 

P(l Pn,)[L,Ao]il ® Pnf)P = 0. 

So we need to modify the commutator to make it strictly positive on P(l (g) 
Pqj,)W, too. This is done by introducing a bounded operator b: 

b = 6(e) = 9\{QR%Q - QhRlQ), 

_ 1 

P, = P,(e) = ((io-e)' + e') 

where Q = P{Ls = e) (g) Po^, Q = 1 - Q and /o is defined at The 
parameters and e will be determined later. We denote R^Q by P^. We define 
[L, 6(e)] on D{N) by [L, 6(e)] = P6(e) - 6(e)L. Note that Lsb{e) - b{e)Ls and 
A/o6(e) - 6(e) A/q are bounded. For aU tp e D{N), 

[P/,6(e)]V = ex {QRl [Lf,Io]Q-Q [LfJo] RIQ) ^ = OX {QrIKQ - QhRlo) ^, 
where 

h = {Y®l)® (-a {hgi^ + a* (jm)) +{l®Y)(g) {~lf (a (/1.92) + a* (^2)) ■ 

As Ii is bounded, it can be extended to the whole H. We denote the extension 
by the same symbol [L, 6(e)]. We define [L, A] on D{N) by 

[L, A] = [L, Ao] + [L, b] = Si + A/i + [L, 6] . 

By the above choice of 6, we have now 

P(l®Po,)[i,A](l®Ps2,)P 

= 2eX^P{P{Ls - e) ® Pni)hRlh{P{Ls = e) ® Pn,)P / 0. 
In this section, we prove the following theorem: 

Theorem 7.1 Let A 6e i/ie interval ofR whose interior includes an eigenvalue 
e of Ls, and no other eigenvalue is included in A, i.e, a{Ls) H A = {e}. Let 
? S C^(R) 6e a smooth function s.t.c^ = 1 on A and supp D (j{Ls) — {e}. Let 
9 and e 6e 

e = A 100 , 9 ^ X 100 . 
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Let P be the spectral projection of Na^ onto {0}. Suppose that Assumvtion \ii. 1\ 
and \2.'A are satisfied. Then there exists Ai > s.t. 

P^{L) [L, A] ^{L)P > 1 . AW • 7eP^(i) (l - 14Pe) 'i{L)P, (21) 

for any < A < Ai. Furthermore, if we assume Pq < f3+,l3^ < (3i, \\pf\\, \\f\\ < 
b for any fixed < /Jq < /3i < oo and < b < oo, we can choose Ai as 

IQQ 

. „ . r 100 f v\^^^ , , 100 , - 100 , 

Here C is a constant which depends on PotPi and b, hut is independent of v and 

We carry out the proof in two steps. First, we show the strict positivity of 
[L,A\ with respect to the spectral locahzation in Lg. Second we derive the 
strict positivity of [L, A\ with respect to the spectral localization in L. 



7.1 Positive commutator with respect to the spectral localization in 

In this subsection, we take the first step. Here is the main theorem of this 
subsection; 

Theorem 7.2 Let A be an interval o/M, containing exactly one eigenvalue e of 
Ls and let be the spectral projection of Lq onto A. Suppose that Assumption 
\2.1\ and \2.S\ are satisfied. Then there exists < ti, i = l,---5 such that, if 
A, e, 9 satisfy 

x + ex'^e-^ <ti, e<t2, ex^e-^ <t3, e<ti, e-h + ex^e-^ <t5, 

then 

PEllL, AjE^P > —7, (l - 7Pe) ElP 



The proof goes parallel to The difference emerges from the difference of 
the commutator [Lo,^o]: in [Ml> it was [Lo,Ao] = N, while we have [Lo,^o] = 
Si. Whereas N has a spectral gap. Si has no spectral gap. Since positive 
commutator method makes use of the finite spectral gap, the lack of the gap 
causes a difficulty. To overcome this, we introduced the cut off in Sectional 
To prove the theorem, we use the Feshbach map theorem 'BFSl'; 

Theorem 7.3 Let H be a closed operator densely defined on a Hilbert space Ti., 
and let P be a projection operator such that RanP C D{H). We set P = 1 — P. 
Then Hp = PHP is a densely defined operator on PH.. Let z be an element in 
the resolvent set p{Hp) of Hp on PH.. Assume 



PHP {Hp ~ z) ^ P < oo, P {Hp - z) ^ PHP 



< oo. 
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Then the Feshbach map 

fp{H -z)= P{H - z)P - PHP{Hp - z)-^PHP 

is well defined on PH. fp{H — z) and H have the isospectral property in the 
sense that 

z e aiH) ^ e aifpiH - z)), z G app{H) ^ G app{fp{H - z)). 

Here a and app represent spectrum and pure point spectrum respectively. 
To apply the theorem, we introduce 

X. = P{N < u). 

By this x^, we can consider B[j below as bounded operators. Projections 
Pe,Xv,P,Q, E% are in relation that 

Pe<X., Pe<P, Pe<Q, Q < E^, Q < P. 

Hence we have the followings; 

QPe = 0, QP,^ = Q, ElPXuPe = Pe- 

As Lq, Nao, N, Ls strongly commute, the projections E'^, Q, P, Xu commute 
each other. So we can define the following projections 

Qi = QElPx., Q2 = QElPxu, (22) 

which satisfy 

QlPe = Pe, Q2Pe = 0, 02?^ = Ql- (23) 

The relation NP = Na^P imphes 

Na^Q2 = Na^PQEIx. = NPQElxu = NQ2. 
As P{N = 0) = 1 «) Pf2^ , and A n cr(Lo) = {e}, we have 

P{N = 0)Q = (1 - P{Ls = e)) Pn, = ^ P{Ls = /) ® Pn, < P{Lo C A^), 
which implies 

P{N = 0)Q2 = PiN = 0)QE'iPx. = 0. 

It follows that 

NQ2 = NaM2 > Q2. (24) 



21 



Proof of Theorem |7.lj| 

We apply Theorem 17.31 to the operator B' defined by 

Here, 5e is a parameter which will be determined later. We define bounded 
operators S-^ by 

Bl^=Q,B'Qj i,j = l,2. 

If 1? G then 

ei^)^B[,-B[M^-il})-'B',„ 

is well-defined and 

eW = /Q: {B'-{))+dQi. 
First we investigate the lower bound of -622 in order to study the resolvent set 

PiB'22)- 

Proposition 7.4 We have 

B'22 > {v -5,-Ci{X + 9X\'^)) ■ Q2, 

where 

Ci = ||/i||+2.||/of. 

Proof 

We estimate each term of 

5^2 = ^2(^1 + A/i + [L, b]-6,- P^)Q2. 

From the inequality Si > v ■ and the inequality (|24|l . the first term is 
bounded below as Q2S1Q2 > vQ2- The lower bound of the second term is 
given by A/i > —A ■ ||/i||, as /i is bounded. Let us estimate the norm of 
the third term. Substituting L = Lq + XIq, LqQ = QLq and Q2Q = 0, we 
obtain Q2 [L, b] Q2 = ~9\'^Q2{IqQIqB:IQ + QIiilQQIo)Q2- Then it is estimated 
as IIQ2 [L,b]Q2\\ < 2- ||/o||26'A2e~^ since we have < £-2. The fourth term 

is Q2P(tQ2 = Q2 by H23|l . Hence we obtain 

B'22 >{v-Ci{x + e\\-^) - &,) Q2 

whereCi = ||/i||+2.||/of. □ 
Suppose A, 9, e satisfies 

x + e\^e-^ < h, 

where ti = -g^. Then if d satisfies < — (5e, it is in the resolvent set /c(i?22) 
of -B22 by this proposition. 

Next we estimate the lower bound of e (??) . 
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Proposition 7.5 Suppose \,9,e satisfies 

x + ex^e-^ < ti, 

where ti — tt^- Then if -d satisfies 1} < — Se, it is in the resolvent set p(B22) 



of B'22 and the following inequality holds; 



Qi~C2 [e'X'QihRihQi + (A2 + 02 a4 



where C2 = I0v-^\\h\\^ + 20v-^ + 80v-^\\Io 
Proof 

First is given by 



B[, =Qi(Si + A/i + [L, b]-Se- P,^) Qi 



As S'lQ = and aQ = Qa* = 0, the first and the second term vanish. Using 
QQi = 0, LqQ = QLq, we obtain 



— 29X^Qi 



1 

2^2- 



Qi 



(25) 



Second, Q2 (-B22 ~ ^) ^ Q2 is evaluated as follows; 



Lemma 7.6 Suppose X + 9X^e ^ < ti. Then for all < ^v — 6^, 1} is in the 
resolvent set ^(-622) 0/^22 '^'^'^ 

< Q2 {B'22 - -^V^ Q2i^) < 5\\s;^Q2tp\\^ vv- e H. 



Proof 

As S1Q2 > vNj^^Q2 > VQ2, Si is invertible on Q2'H. The proof is similar to 
that of equation (41) in |M]. In facts, it is easier because we are considering 
Fermion system, whose interaction terms are bounded. We omit the details. □ 



Third, 



Si -'B!2i^ 



is estimated as follows; 



Lemma 7.7 



Si ^B^iV < C'2 {e'X'\\RJoQi4,Y + e'X''e 



where C'2 = 2v-i f + 4i;-i + l&v-'^\\Io\\^. 
Proof 

The proof is the same as that of jM] (p342).n 



2 I fl2 \4,-4||„;,||2 I \2||„/,||2 



AllV^II 



23 



Now let us complete the proof of Proposition 17.51 Combining Lemma 17.61 
and 17.71 we obtain the following evaluation: if A, 9, e satisfies A + 9X^e^^ < ti, 
then for all "0 < — Se, we have G ^(-822) ^^"^ 



where C2 = 10i;"i||/if + 20v-^ + 80v-^\\Io\\'^. Combining this with 1(23, we 
obtain the required estimation. □ 

Now let us complete the proof of Theorem l7.2l Suppose that X+dX^e^^ < ti. 
Then by Proposition for all ^ < — 6e, we have d E ^(^22) and 

e W > D, 

where 



D = 29X^Qi 



1 

29X^' 



h - C2 {e^X^QihRll^Qi + (A2 + e'^X'^e 



Note that D is z9-independent. 

Now let i?o = hrf o'(-B'|(Qj®q2)-h)- Here we have two cases, 

2. — Se > ??o- In this case, i?o £ ^(^22) ^i^*^ ^ ("^o) is well-defined. Then 
/Qi ^ "^o) satisfies 

/qi(S' - z?o) = £ (i?o) - • Qi > (inf (Tp) - i9o) • Qi- 

On the other hand, note that do E o'(5'|(QieQ2)'H)- By Feshbach Theorem 
17.31 this implies E crifqi {B' — "iJo))- Hence /q^ [B' — d^) is not invertible, 
and we get 

i9o > inf (7(1?). 

So we have 

do > min{iw - ^e, inf a(£>)}, 

i.e., 

B'\(Q^®Q2)n > niin{it; - (5^, inf a{D)}. (26) 

The next problem is to investigate the lower bound of D. For the purpose, we 
estimate QiIoR^IqQi- The annihilation operator with respect to ©5^ Ei)®i) 
is represented by operator valued distribution a^, as 

a(5'®5')= / dk{g\k)al+g\k)al). 
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Here, a\,a" satisfies {a^^jOp*} = SijS{k — p). By the pull-through formula, 
a-lLf = {Lf + uj{k))al, alLj = {Lj - uj{k))al, 

we get 

a{g' ® g^)Rl{e) ^ [ dk {g'imlie - m) al + f{k)Rl {e + uj{k)) al) . 



Using this relation, we obtain the following bound; 
Proposition 7.8 Under Assumvtion \2.<l\ we have 



QiIoRtIoQi>-Qi r(e)®l-C3e^ Qi. 

e L J 

Here C3 is a positive constant which is independent of (3^ — /3_ and v. 
Assume that 6*, A, e satisfies the foUowings. 
Assumption 7.1 

\ + 6\^e-'^ <ti, e<t2, eX^e-^ <t3, e<t4, 6'^ + OX^e'^ < t^- 
where 



The second assumption implies 29 — 026"^ X? > . Using this and the lower 
bound of If)R^Io of Proposition l7.8l we obtain 



D > ex^-Qi 

e 



r(e) ® 1 - C3(e3)l Qi~5e-QiPtQi-C2 (A' + ^^A^g-^) Q,. 



(27) 



Recall that r(e) is bounded below as r(e) > 7e • (-P(r(e) = 0))-^. Substituting 
this to (|77|l . we get 



D > ey-Qi 



•tt^A^ 



Qi. (28) 



Now we determine be as 



(7e + a) with < a < 7e 



Then we have 
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Hence inf (j{D) is bounded below by 



inf crp) > 0X^- 
e 



-a - Csie-^) - — (e-h + ex\- 

TT 



Qi 



Recall the lower bound H26|l of B' . As the third condition of Assumption 17.11 
implies 

^v-Sp>^v> 0, 



and 



> 9V 



-a-C3(e3) 



the lower bound is 

B'\{Qi®Q2)n 



-a-C3(e3) 



2 (a-i 



Substituting [i, A\ = + 6eP^, and the last two conditions of Assumption l7.lL 
we get 



PE'i[L,A]E'iP > ex'^-PEl 



ex^-^PEl 



7e-C3(e3) 



C2 



9l(e-^e + ex\-^) + {-u + a)-Pi 

TT 

eX^e-^) -{-1e+a)- Pe 



ElP 



> ex\-^PE%j, 



l-7Pe 



ElP 



Hence we obtain Theorem l7.2l D 



ElP 



7.2 Positive Commutator with respect to the spectral lo- 
cahzation in L 

In this subsection we complete the proof of Theorem 17. II 

Let A' be an interval s.t. A C A', A' n a{Ls) = {e} and supp<; C A'. Let 
i^A' G e'er (11^) be a smooth function < Fa' < 1 which satisfies Fa' = 1 on 
supp and supp Fa' C A'. We set F^, = Fa'(Lo), and F^, = 1 - F^,. We 
evaluate each term of the following equation; 



P^ [L, A] qP = P^Fl, [L, A]Fl,^P 

+ P<,Fl,[L,A]Fl,<,P + h.c. 
+ P^Fl,[L,A]Fl,^P 

For the first part H29|l . we have the following lemma. 



(29) 
(30) 
(31) 



26 



Lemma 7.9 Suppose that X,e,9 satisfy Assumption \7. 1^ Then we have 

m = P';Fl[L,A]Fl^P > — 7eP^(l - Aci - 7Pe)<;P, 

e 

where c\ is a constant which depends only on F^i and ||/o||- 
Proof 

The proof is the same as that of inequaUty (63) in |Mj. □ 
Next we evaluate the second part (1^ . 

Lemma 7.10 

((33 = Pc;F^,[L,A]F^,<;P + h.c. > -c2^-^{e6-^ + e + \€''^)Pq^ P 

where C2 is a constant which depends only on F^i and Iq . 
Proof 

We divide (|Sn|) into three parts; 

(|2D| = P^F^,SiF^,^P + h.c. (32) 
+ XPc;Fl,hFl,c^P + h.c. (33) 
+ P<;Fl [L, b]Fl,^P. + h.c. (34) 

Using the fact that < F^, < 1, we get (jSH) > as in the case (57) of |M| . 

To evaluate ((23, we note qF'^, = ^(L)(FA'(io) - Fa'{L)). By operator 
calculous, we have the estimation ||<jF^, || < c'/|A|. As Ii is bounded, we obtain 
> — c'^A^. Here, c",c'j depends only on Iq and F^,. 

The last part H34|l can be estimated in a manner of Proposition 5.2 in |M| : 



m = P<,F^,[L,b]F^,^P+h.c. = P^ jFA'iLo) ~ JFa'{L) J Fl[L,b]Fl,<;P+h.c 



> -c;' {0x^ + 9x\-^) ep = -c;'^ (e + Ae-^) ep 



Hence we have 



where C2 depends only on /q and i^^'.D 

Finally, the third part H31|) can be estimated as follows. 



Lemma 7.11 



n\2 

P<,FI,[L,A]FUP > -c^ — {e-^e + Xe-^)eP 



where C3 depends only on Iq and F^' 
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Proof 

The same as that of Proposition 5.2 in |^. □ 

Now let us complete the proof of Theorem 17. II By Lemma [7.91 to I7!m if A, e 

and 9 satisfy Assumption 17 . l| we obtain 

Pc;[L,A]<;P=^ + ^ + §^> —jeP<; (l - 7Pe - (xCi + —{ee-^ + e + Ae^^) ) ) <;P, 



e V V 7e 

where C4, C5 depends only on and Iq. Let e, 9 be 

e = A 100 , 6* = A 100 . 

Then 

„ 1 , 18 1 56 o 1 182 o n 138 o o 94 

e9-^ = XToo^ Xe-^^Xioo^ 9X^e-^^X^, 9X^e-^ = X^, OX^e-^ ^ X^ 

and if A is sufficiently small, Assumption 17.11 is satisfied. Further more, for A 
small enough, 

AC4 + — (e^-^+e + Ae-i)) < i (35) 

7e 2 

is satisfied. Hence we obtain 

P<;[L,A]<;P > — y-P"? (l - 14Pe) <;P = ATMyP<; (l - 14Pe) <iP- 

Now let us estimate the range of A, which satisfies the Assumption 17 . II and (|35|) . 

We assume /3o < /?+, /3_ < /9i for any fixed < /3o < /3i < cxo, and the bound of 
the form factor / € f) ||p/||, ||/|| < b for fixed < 6 < 00. Under these bounds, 
one can easily check that there exists a constant C which is independent of v 
and /3+ — /?- , such that if A satisfies 

/ \ — 

A < Cmm{u 26 I _ 1 , (7e) " , (w7e) i« }, 
then the Assumption 17.11 and (|35|l are satisfied. Let 

{ IQQ \ 

and we obtain Theorem l7.1l D 



8 Virial Theorem 

In this section, we complete the proof of Theorem 13.11 We apply the new 
method introduced by M.Merkli [M] to treat the domain question. He solved 
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the problem by approximating the eigenvector of L by vectors in the domain of 
N and Aq. 

Assume that ip is a normahzed eigenvector of L with eigenvalue e. Let 
/ be a bounded C°°-function such that /' > 0, /'(O) = 1 and let 5 be a 
bounded C^-function with support in the interval [—1,1]. Define the operators 
fa = f{iaAo), ha = \/ f'{iaAo) and g^, = (vN). When a, v goes to zero, ha, 
strongly converges to 1,. By approximating the eigenvector tp by hag^fp, we can 
carry out the arguments regoliously. 

As the proof goes parallel to jM], we just comment on the differences. We 
define e(e) as in Theorem l3.il For simplicity, we use the notations K = [L, Aq] = 
Si + Ii, {A)^ = {tp,Atp), ipa,^ = hag^fp, and Ij = XIj. The proof is done by 
evaluating the upper and the lower bound of (K)^^ ^ — {ipa.iy, Kipa,iP)- 

The estimation of the upper bound is done by the expansion of commutators, 
using operator calculous: 



= -a^'t^Im {i^\g^faIo^) + a' {{iP\g^Rg^ij) + Re {iP\g^R' g^^j)) . 

(36) 

Here, Iq , R and R' are given by 

dg{z){z - vN)-^ad]^{I^){z - vN)-'^ , 



R=-^J df"{z){z-iaAQ)-^ad\^{Lo + Io){z-iaAo)-^ 

dh{z){z - iaAo)-^ [ha,adX,{Lo+ Iq)] {z - iaAo)'^ 
+ dh{z){z ~ iaAa)-^h'aadX^{Lo + I^){z - iaAo)-^ 
R' = fdf{z){z - laAor^'adlfLo + I^){z - iaAo)-^ 



where ad'^j is a fc— fold commutator [• • • [•, Af], M, ■ ■ ■ , M] with A/. In the case 
of |M], the commutators are given by 

ad\^ (Lo) = N, adX (La) = ad^ (io) = 0, 

and ad\^{lQ) and ad^(/Q ) are A^5-bounded. Hence {K)^^^ is estimated as 

~ 0{a^v--^ + v^-a-^). (37) 

In our case, the /c-fold commutators don't vanish: 

ad\^X^o)^Si, ad\g{LQ) = S2, ad\^{Lo) = S3. 

On the other hand, the interaction terms ad'\^^{Io), and ad}^(/o ) are bounded. 
Hence (K)^^^ is estimated as 

(K)^ ^Oia'v-^ +a-^v). (38) 
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The difference emerges from two factors: the non-commutativity of Si with Aq, 
and the boundedness of the interaction. The first one makes things worse, while 
the second one makes it easier. 

The estimation of the lower bound also goes parallel to ^]. As the positive 
commutator is localized with respect to the spectrum of L, we need to decompose 
the Hilbert space. Let A be an interval which contains e. Suppose that A 
contains exactly one eigenvalue e(e) of Ls i.e., A n (j{Ls) = {e(e)}, and e(e) 
belongs to the interior of A. In M , M.Merkli introduced a partition of unity 

xi + xi = i- 

Here xa £ C'o°C^) ^ smooth function s.t.^A = 1 on A and supp Xi^^^'^i^s) = 
{e(e)}. By Theorem 17. II we have 

Pxa{L) [L, A] xa{L)P > 6g(,)FxA(i) (l - 14Pe(e)) Xa{L)P, (39) 

for < 1A| < Ai, where be = ■ Atm • j^,. 
Another partition of unity is also needed: 

x' + x' = i, 

where X e C°° satisfies x(i) = 1 for \t\ < \ and x(i) = for 1 < \t\. And he set 
Xn = x(-^/''i),Xn = 1 — Xn for < n < Xjv. With respect to the partition of 
unity, he obtained the lower bound 

(^)Vc.„ > &e(e)IIV'a,i^f " ^^^(e) (5g(e) ,o 1 1 -PoXAX«'0a,i/ 1 P 

~0{e^^^ +7] + an^ + n^i) - C6g(e)(n"^ + nr^ + a^r?), 

where C is a positive constant and 7y, e > are arbitrary positive parameter 
which satisfy ^ — Crf^fT^ > b^^e)- Here we represented the result in our 
notations. 

The argument can be carried out parallel in our case. We just need to take 
care of the projection P = P{N\i: = 0), because the positive commutator is 
localized to the range of it. This is easily done by the strong commutativity of 
Nai with and K and N: 

W^_>(if)p^_-||/l'||-||PV'o,.f. 

Here we used PSiP > 0. Then we obtain 

> hie) (lIXAPXn^a.f " 14|1 Pg(e) XA^Xn V^a. 1 1 " 1 1 1 1 1 1 ^XAXn^^a,. f 

^ Csin-^ + iy + a-n + a)-\\I^\\- \\Pibo.A^ - ' IIXnV^a,.f - nr^ ■ Ca- 

(40) 
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Substituting i/ — and n = a 2 and taking a ^ limit, we obtain 

= Km {K).^_ > (llV'f - 14||Pg(,)Vf ) . (41) 

If Pe{e)'4' — 0; the inequality lUTjl is a contradiction. Hence for < |A| < Ai, 
there is no eigenvector of L with eigenvalue e which is orthogonal to -Pg(e)- 
Recalling that Ai can be taken as we obtain Theorem 13. II 

One might wonder if Xn is necessary in our case where the interaction term 
is bounded. Note that the right hand side of (|40|l has a term of order an, while 
the left hand side has a term of order a'^^v. Without Xn, cin is replaced by 
ai'~^ . We can't make ai'~^ and a~^i' converge to zero simultaneously, in any 
choice of ly. So Xn is still required. 

9 The Stability of the NESS 

In this section we investigate our physical interest: the stability of the NESS. 
By proving Theorem 13. 21 we complete the proof of Theorem 12.31 and 12 . 41 Recall 
that the NESS of the free Fermion model is given by n-point functions Q with 
a distribution function Q). We show if the NESS is far from equilibrium, i.e., 
the inverse temperature /3_ and /?+ are different, it is macroscopically unstable 
fTheorem 12. 3f) . This results is due to the following fact: for the NESS far 
from equilibrium, the number of the particles with momentum k is different 
from the number of the particles with momentum —k, although they have the 
same energy. On the other hand, for a class of interaction, we show return to 
equilibrium fTheorem l2.4|l . 

9.1 Instability of the NESS 

In this subsection, we investigate the instability of NESS under the interaction 
with small system. For the purpose, we study the kernel of r(e). Recall the 
definition of ipn, En, Enm, Ni''\ Nr\ Ni, Nr, given in AssumDtion l2.4l As Hs is 
finite dimensional, ^ and ^ for e 7^ 0. 
By a straight forward calculation, we obtain 

r(e) = / dk Fn%{k)Fl„,{k)5 {cj (fc) + K,™ - e) 

+Fn%^ik)Fl^{k)S i-cj (fc) + - e) (42) 

where 

First let us consider e ^ case. Note that each term of (I42|) is positive. So we 
take the sum over the following subset 

(n,m) G ^( X iV; U x N^. 
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and ignore the other contributions to estimate the lower bound. Note that 
Ni,Nr,Nf and are all non-empty in case e ^ 0. We have the following 
relations: if n e Ni, then TVi"^ ^ 0, if m e Nr, then iv/"^ =^ 0, if n e iVf, 



then ivi"^ = 0, and if to e N^, then 7V/"'^ = 0. Especially, i;„^,„ 7^ e for 
(n, m) e Ni X \J iVf x A^,.. Hence for aU (n, m) e Ni x A^,':, we have 

and for (n, to) G A^f x Nr, we have 

Then under Assumption 12.31 and 12 . 41 we have 



j(m) 



r(e)>6o( E 



Ni m£Nr- / 

> bo ■ P{Ls = e)So - 7e • ^(^5 = e), 

with some bo > and 7e = bo'^o > 0. Here, bo is a constant which is independent 
of /?+,/?_ in the interval {PotM for fixed < Po < Pi < 00. Hence for e / 0, 
we have Kerr(e) = {0}, and = 0. 

Next let us consider e = case. In this case, we can not apply the above 
arguments because = = 0. By the first condition of Assumption 12.31 a 
vector in P{Ls — 0) is of the form 



Note that Assumption [Q imply A^/"' = A^i"^ {n}. We have 



Cm • (1 - p) ^ (q-mn) ~ C„ • p2 



(1 - p) 2 (-(7mn) - C„ • p2 (-g„„) 



+ Cm - P'^ (qnm) - C„ ■ (1 - p) 2 



Cm • i~qnm) ~ C„ • (1 - p) ^ (-^nm) 



Jo 

J — TT 

1/(9 

)| / dfc(5 (-w (/c) + 
Jo 

.0 

\f{~q7un)\'^ dkS {-IV (k) + En^m) , 



(43) 



where a;(g„i„) = Emn- Bv Assumptionl2.2land Assumptionl2.3l /((?,„„), f{-qmn), 
f{qnm), fi^q-nm.) ^rc non-zcro, and the integrals including (5-function give strictly 
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positive contributions. So there exist strictly positive ag, such that 



mn J 



P^iqran) + C^. ' - p)^ {-qran) 



■ P^{-qmn) 



+ Cm ■ P2 {qnm) - Cn • (1 - p) ^ (grim) 



P^ {-qnm) - Cn • (1 - p) ^ (-<7nm) 

(44) 



Hence the necessary condition for Kerr(O) to be non-trivial is the existence of 
{c„} which satisfies 



„ • (1 - p)^ {qnm) - Cn- P^ {qmn) 

1 1 2 

Cm. ■ P^ {qnm) ^ Cn • (1 - p) ^ {qnm) = 

This implies the following: 

Cn _ (1 - P)'' {qrnn) (1 " P)^ {-qmn) 



(1 - p)2 {-qmn) - Cn ■ P^ {-qmn) 



Cm ■ P^ {-qnm) - C„ • (1 - p) ^ (-<?nm) 



= 0. 



p2 {qnm) 



p2 {-qnm) 



P2 (qm„) 



pH-qmn) 



(l-p)2(g„m) (1 - P)" (-grim) 

(45) 



for n ^ m. Recall that the Fermion distribution p in the NESS is given by 

-1 



p{k)^ 

The condition (|45|l requires 



1 



/3_(cos(fc)-7) 



1 + 



k e [0,7r) 
k e [-7r,0). 



i.e., /3- — (3+. That is, r(0) has non trivial kernel only if the NESS is an 
equihbrium state indeed. Otherwise, we have r(0) > 70 ■ 1 > 0. So, if /?_ ^ P+, 
we have Pg = for all eigenvalue e of and obtain the first statement of 
Theorem EH 

Now let us complete the proof of Theorem 12.31 Combining Theorem 13.11 
and 13. 21 the Liouville operator L corresponding to the NESS does not have any 
eigenvector for < |A| < Ai. Hence the NESS is macroscopically unstable by 
Proposition 01 We fix the bound /3o < < A, ||/|| < h for any 

fixed < /3o < /?i < 00 and < 5 < 00. Let us estimate the dependence of Ai 
(O on (3+ — (3- for fixed v. For e 7^ 0, we have 7e — boSo as seen in above, which 
is independent of /3+ — On the other hand, 70 converges to as /3+ — /3_ 
goes to 0. Substituting 
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to gH), we can estimate (gSl > C'(/?+ - /3_)2 > 70 > 0, i.e. 70 - 0(/3+ - P-f. 
Hence we have Ai ~ 0|/3+ — /3+|~. On the other hand, if we fix (3^ and 
we have Xi{v) ^ v'^ — > as w ^ 0. Then, we obtain Theorem 12.31 

9.2 Return to equilibrium 

In this section we investigate the equihbrium case, i.e., /3+ = By the 

result of the previous subsection, we can show return to equilibrium for the class 
of interaction we introduced. The following Theorem was shown by H.Araki 

mm 

Theorem 9.1 Let (2t, t) be a C* -dynamical system and let u be a {(3,t)-KMS 
state with GNS-representation (H,7r, 57). Let L he the Liouville operator cor- 
responding to T. If P ^ P* e ^ then n e £)(e/3(i+'^(^'))/2). Let be the 
perturbed automorphism group by P, and let = e'^^^+'^^^^-'/'^rj. Then the 
state u!^ defined by 

is a {l3,T^)-KMS state. 

On the other hand, the following theorem concerning return to equilibrium is 
known IBFS2I: 



Proposition 9.2 Let (21, r) be a C* -dynamical system and let lu be a (/3,r)- 
KMS state with the GNS-representation (7i, tt, £7). Assume that the Liouville 
operator L of t has a simple eigenvalue corresponding to the eigenvector f2, 
and that the rest of the spectrum of L is continuous. Then for any u-normal 
state rj, we have the return to equilibrium in an ergodic mean sense: 

lim - / ij{at{A))dt = ij{A), ^ G 21. 

Let us return to our system. Now we have (3 = (3^ — (3+. First let us 
investigate the kernel of r(e). As in the previous subsection, Ker(e) = {0} 
for e 7^ 0. On the other hand, the equation (|43|) implies that Kerr(O) is one- 
dimensional and is spanned by a vector of the form 

= ^ aipi (X) 'Pi, 

i 

with 



Hence we obtain Theorem 13. 21 

Second, note that LOp is a (/3,af)-KMS state of O/. We denote by w| the 
q;5)-KMS state over Os- The state (8) is a q;o)-KMS state over 
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Os ®Of. As our perturbation V is an element of O, the nontriviarity of KerL 
is guaranteed by Theorem 19.11 The fact that is the simple eigenvalue of L 
can be derived as follows : let V'i:V'2 be eigenvectors of L with eigenvalue 0. 
By Theorem 13.11 we have pQijji = ciLp ® Vt, with q 7^ 0. Then ^ — ^ is an 

eigenvector of L with eigenvalue 0, which is orthogonal to Pq. By Theorem l3.1l 
this entails ipi — Hence is the simple eigenvalue of L. We denote the 

corresponding eigenvector by f2y and the state corresponding to U,v by wy. By 
Theorem 19.11 uty is a (/?, q;)-KMS state. On the other hand, as the kernel of 
r(e) is trivial for e ^ 0, L has no other eigenvalue. So the rest of the spectrum 
of L is continuous. Accordingly, from the Proposition 19. 21 we obtain the return 
to equilibrium Theorem l2.4l 
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A An Example which satisfies Assumptions 12.11 
to EH 

We give an example in dimension d = 2. We consider 7 = case. We fix some 
< u < 1, and define < fc„ < tt/2 by sin^ fc„ = v. Let Hg = baz, with 
< 6 < (cosfci,)/4, and define < fc4b < k2b < ^ by 46 = cos/c4f,, 2b — cos/c26- 
We have then < fc^, < kii, < k2b < f , and S — {fc4fc, — fc4f,, tt — fc4b,— tt + 
kib, k2b, —^26, TT — fc26, — 7r + fc2b} are all in Ay. We choose / as a smooth function 
with support in A^. which takes non-zero values on 5*. As the interaction, we 
take Y as 

Because p acts on C°° as (|16f) . / is in D{p^) and Assumption 12. II is satisfied. 
The eigenvalue of Ls is 26, 0, —26. We have cos(fc4;,) = 46, cos(fc26) = 26, cos(7r — 
k2b) — — 26, cos(7r — k^b) = —46 and as S is included in A^,, Assumption 12.21 
is satisfied. Assumption 12.31 is trivial. Let us check the Assumption 12.41 Let 
(^0: be eigenvectors of Hs^ corresponding to eigenvalue —6, 6 respectively. For 
e = 26, Nf^ = {1}, A^/^' = 0, N^°^ = and N^^^ = {0}. Hence we have 

p^mYpN-Yp^io) = . 

Then we obtain (5o = 1 > 0, and Assumption 12.41 is satisfied. We can check for 
e = —26 case in the same way. 
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B Tensor Product of Linear Operators 

About tensor product of linear operators, we have the foUowing Theorem. It 
can be proved using spectral theorem given in |RS| . 

Theorem B.l Let TLi{i = 1,2) he separable Hilbert spaces, and let Li be self- 
adjoint operators on Hi. Let L be the self-adjoint operator on TLi ®'H2, defined 
by 

L = Li®l + 1® L2. 

Suppose that L2 has a unique eigenvector £7. Then every eigenvector of L is of 
the form 

ifSi^, f & Til- 
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